In this paper we revisited phenomenological potentials. We studied S-wave heavy quarkonium spectra by two potential models. The first one is power potential and the second one is logarithmic potential. We calculated spin averaged masses, hyperfine splittings, decay constants, leptonic decay widhts, two-photon and two-gluon decay widths and some allowed M1 transitions. We studied ground and 4 radially excited S-wave charmonium and bottomonium states via solving nonrelativistic Schrödinger equation. Although the potentials were studied in this paper is not directly QCD motivated potential, obtained results are agree well with experimental data and other theoretical studies.
I. INTRODUCTION
Quarkonium is the bound state of a quark and antiquark by the strong interaction. Excluding top quark t, the rest of the quarks b, c, u, d, s can make quarkonium states. Large masses of b and c quarks comparing to others deserve additional interest since experimentally bb and cc systems give fruitful data in the experiments.
Study of mesons composed of a heavy quark and antiquark gives a good basis for understanding of QCD dynamics. Discoveries of cc, bb, cb and sb systems provides quantitative tests for high energy physics. Heavy quarkonium spectra is very rich in its own basis due to presenting some puzzles. In the last decade experimental data of Belle, BaBar, BESIII, LHCb, CDF and other collaborations came up with interesting results for hadron physics. Emerging of so-called exotic states presented some puzzles for hadron spectroscopy. These states cannot be identified easily by the conventional quark model, i.e., they are not made of quark-antiquark and three quarks (or antiquark) scheme. The milestone of this exotic states was X(3872). It was first observed by Belle Collaboration [1] , then was confirmed by D0 [2] , CDF II [3] and BaBar [4] collaborations.
Threshold physics for quarkonium systems are very important to test QCD and its nature. Typically the threshold for cc system is roughly 3.71 GeV and for bb system is 10.50 GeV. The physics is not so much clean but at least more clearer for below than the above of threshold. The states below the threshold are generally narrow and decay to openflavour (non-zero flavour number) hadrons via electromagnetic and strong interactions. For above the open-flavour threshold, states are not much narrow and decays are dominated by strong interactions. For example the so called XY Z mesons all lie above the open charm threshold and physical observables such as masses have some puzzles [5] .
Quarkonium spectrum can be studied by two approaches. The first one is stems from or better saying has an analogy of quantum mechanical description for energy levels of an atom. In this approach a potential is used to describe the formation of bound state. For light quarks with including relativistic effects and heavy quarks below the open flavour threshold, this approach gives reliable results. But above the open flavour threshold bound state formation is complicated in view of potential model as mentioned before. The second approach is to use the principles of QCD.
QCD is thought to be the true theory of strong interactions. The reason for that is the coupling constant of QCD is of the order 1 in lower energies, hence the truncation of the perturbative expansion can not be carried out. This coupling constant can be viewed as a perturbation parameter. So that some non-perturbative methods emerge such as QCD Sum Rules, lattice QCD and Effective Field Theories. These methods in general don't need the shape of potential, i.e. hadronization occurs without taking care of potential. In the case of heavy quarkonium systems, masses of constituents quarks are much bigger than the QCD hadronization scale, m q >> Λ QCD , Λ QCD ≈ 200 MeV, so that they can be studied via nonrelativistic Schrödinger equation with a phenomenological potential between the quark and antiquark. The fundamental assumption of constituent quark model is that the quarks are non-relativistic objects inside the hadron. For this reason, the total mass of a hadron is approximately equal to the sum of the masses of the quarks that compose hadron. The so called 'constituent quark masses' of quarks can be described as effective masses that are chosen to fit the experimental results [32] . In constituent quark models and potential models quark masses are treated to be as free parameters and they are determined by fitting to experimental results. Constituent quark masses are generally larger than their pole masses.
The nature of quarkonium potentials are somehow not clear.potentials cannot be derived from first principles of QCD. Therefore there is no dominant potential which interpret quarkonium spectrum exactly. There are nonrelativistic quark models [6, 7] and relativistic models [8] [9] [10] to study spectrum. A general review can be found in [11] and [12] and references therein.
There are a couple of methods to study hadron spectrum. Among QCD Sum Rules and lattice QCD, quark model has an advantage of studying excited states whereas QCD Sum Rules and lattice QCD focus on ground states. QCD has two distinct features: asymptotic freedom and confinement. Hadronization occurs at large distances (lower momenta) where nonperturbative methods work but at very short distances (higher momenta) in which for example decay occurs, perturbative theory works. A potential must maintain this delicate balance between these two separate region in order to produce spectrum. This can be accomplished by assuming that interactions between quarks form a two body problem and they are heavy enough so that Schrödinger equation can be used. The consequences of these two QCD features can be approximately modelled by Coulomb plus a linear potential, V (r) = − 1 r + r. In Coulomb part one-gluon-exchange is appropriate to consider physical phenomena whereas there is no consensus about the form of linear part.
The other nonperturbative method is Effective Field Theory (EFT). In EFT focus on energy scales. Different scales are factorized which enables to describe physical phenomena in a specific range in terms of degrees of freedom. One have a potential which encodes the effect of degrees of freedom that can be extracted from QCD. These potentials can be classified as phenomenological (non-QCD like) and QCD motivated (or QCD inpired) potentials. For example, Logarithmic [35] , Richardson [36] , Buchmüller-Tye [37] potentials are phenomenological spin-independent potentials and the potential in [38] is spin-dependent and velocity-dependent.
There are many potential models to study heavy quarkonium spectra. In this work we used a power law potential [13] and a logarithmic potential [14] to study s-wave heavy quarkonium. We generated s-wave charmonium and bottomonium mass spectrum with the decays and M1 transitions. At section 2 we give out theoretical model. In sections 3 and 4, we generate s-wave heavy quarkonium spectrum, decays and transitions. In last section we discuss our results.
II. FORMULATION OF MODEL
The Hamiltonian we consider is
where M = m q + mq, p is the relative momentum, µ is the reduced mass and V (r) is the potential between quarks. The spectrum can be obtained via solving Schrödinger equation
with the harmonic oscillator wave function defined as
Here R nl is the radial wave function given as
with the associated Laguerre polynomials L
and the normalization constant
Y lm (θ, φ) is the well known spherical harmonics. Armed with these one can obtain spin averaged spectra with the given potential. To solve Schrödinger equation, we used variational method. The procedure for this method is
In Eqn. (4), ν is treated as a variational parameter and it is determined for each state by minimizing the expectation value of the Hamiltonian.
In the following sections we study power law and logarithmic potentials in order to obtain full spectrum.
III. MASS SPECTRA OF POWER LAW AND LOGARITHMIC POTENTIALS
Power law potential is given by [15] V (r) = −8.064 GeV + 6.898 GeV r 0.1 .
The small power of r refer to a situation in which the spacing of energy levels is independent of the quark masses. This situation is also valid for the purely logarithmic potential [16] V (r) = −0.6635 GeV + 0.733 GeV Ln (r × 1 GeV).
At first step we obtained spin averaged mass spectrum for cc and bb systems, respectively. The constituent quark masses are m c = 1.8 GeV and m b = 5.174 GeV for power-law potential and m c = 1.5 GeV and m b = 4.906 GeV for the logarithmic potential. Table I shows the charmonium spectrum and Table II shows for the bottomonium. Many potential models used to describe quarkonium states tend to be similar. Generally they have a Coulomb like term and a linear term. Maybe the most known is Cornell potential, V (r) = − a r +br where a and b are some parameters. In this potential first term is responsible for one-gluon exchange and the second term is for confinement. The other effects like relativistic or spin dependent interactions can be added to potential but most of them are considerably small compared to Coulomb or linear terms. The potentials we consider here doesn't have spin dependent terms. A general potential usually include spin-spin interaction, spin-orbit interaction and tensor force terms. To obtain whole picture, it is necessary to consider spin dependent terms within the potential. In this work we only take care of spin-spin interaction, i.e. hyperfine splitting.
A. Spin-spin Interaction
Previous discussion of mass spectrum doesn't include spin dependent effects so it fails to interpret spin splittings. For example the mass splitting of η c (1S) and J/ψ is ∆m = 114 M eV although they are the grounds states in l = 0. Furthermore cc quarks have s = 0 in η c (1S) whereas they have s = 1 in J/ψ. The reason for this mass difference is allegedly to be spin dependent interactions. Generically, these spin dependent interactions can be obtained by considering nonrelativistic limit of Dirac equation.
In the spectroscopic language,states are represented by J P C or atomic notation n 2s+1 L j . n is the principal quantum number, s is the total spin of quarkonium system, l is orbital angular momentum, j is the total angular momenta, P is the parity quantum number and C is the charge conjugate quantum number. For mesons, parity number is given by P = (−1)
L+1 and charge number is given by C = (−1) L+S where S is the total spin. Quark potential model gives a good description of the spin-averaged mass spectrum of hadrons since they are composite particles made up from quarks [33] . Mass splitting is closely connected with the Lorentz-structure of the quark potential [34] . The origin of the spin-spin interaction term lies in the one-gluon exchange term which is related to 1/r. Spin is proportional of the magnetic moment of a particle. Magnetic moments generate short range fields ∼ 1/r 3 . In the case of heavy quarkonium systems which are non-relativistic, wave functions of two particles overlap in a significant amount. This means that particles are very close to each other. So spin-spin interactions play a significant role in the dynamics.
The spin-spin interaction term of two particle can be written as
This term can explain S wave splittings and has no contribution to l = 0 states. Putting this term into Schrödinger equation we get
Implementing Dirac-delta function property
we get
The matrix element of spin products can be obtained via
so that
Therefore we obtain hyperfine splittings energy as
Here Ψ(0) is the wave function at the origin and can be obtained by the following relation
Expectation value is obtained by the wave function given in (3). S-wave charmonium and bottomonium masses can be seen in Tables III and IV . In this calculation, α s is taken to be 0.37 for charmonium and 0.26 for bottomonium [17] .
As can be seen from Tables III and IV, our results are compatible with both experimental and theoretical results. Leptonic decay constants give information about short distance structure of hadrons. In the experiments this regime is testable since the momentum transfer is very large. The pseudoscalar (f p ) and the vector (f v ) decay constants are defined respectively through the matrix elements [18] 
and
In the first relation, p µ is meson momentum and |p is pseudoscalar meson state. In the second relation, m v is mass, ǫ µ is the polarization vector and |v is the state vector of meson. The matrix elements can be calculated by quark model wave function in the momentum space. The result is
for pseudoscalar meson and
for the vector meson [18] . In the nonrelativistic limit, these two equations take a simple form which is known to be Van Royen and Weisskopf relation [28] for the meson decay constants
The first order correction which is also known as QCD correction factor is given bȳ
where C(α s ) is given by [29] 
where ∆ p = 2 for pseudoscalar mesons and ∆ v = 8/3 for vector mesons. Decay constants are given in Tables V Leptonic decay of a vector meson with J P C = 1 −− quantum numbers can be pictured by the following annihilation via a virtual photon
This state is neutral and in principle can decay into a different lepton pair rather than electron-positron pair. The above amplitude can be calculated by the Van Royen and Weisskopf relation [11] Γ(n
where α = 1 137 is the fine structure constant, e q is the quark charge, m n is the mass of n 3 S 1 state and |Ψ p/v (0)| is the wave function at the origin of initial state. The term in the parenthesis is the first order QCD correction factor while · · · represents higher corrections. The obtained values for leptonic decay widths can be found in Tables VII and VIII for charmonium and bottomonium, respectively. C. Two-photon decay width 1 S 0 states with J P C = 0 −+ quantum number of charmonium and bottomonium can decay into two photons. In the nonrelativistic limit, the decay width for 1 S 0 state can be written as [30] Γ(
The term in the paranthesis is the first order QCD radiative correction. The results are listed in Table IX . Two gluon decay width is given by [30] Γ(
The terms in the paranthesis refer to QCD corrections. The obtained results are given in Table X . M1 (magnetic dipole transition) decay widths can give more information about spin-singlet states. Moreover M1 transition rates show the validity of theory against experiment [21] . Magnetic transitions conserve both parity and orbital angular momentum of the initial and final states but in the M1 transitions the spin of the state changes. M1 width between two S wave states is given by [6] 
where
is the photon energy and j 0 (x) is the zeroth-order spherical Bessel function. In the case of small E γ , spherical Bessel function j 0 (kr/2) tends to 1, j 0 (kr/2) → 1. Thus transitions between the same principal quantum numbers, n ′ = n are favored and usually known to be 'allowed'. In the other case, when n ′ = n the overlap integral between initial and final state is 0 and generally designated as 'forbidden' transitions. The obtained transition rates for the 'allowed' ones of s-wave charmonium and bottomonium states are given in Tables XI and XII, respectively. In this paper, we have computed spin averaged masses, hyperfine splittings, decay constants, leptonic decay widths, two photon and gluon decay widths and allowed M1 partial widths of S-wave heavy quarkonium states. Nonrelativistic power and logarithmic potentials were used and compared with the experimental and theoretical studies.
Spin averaged mass give idea about the formulation of model since the results are close to experimental values since contributions from spin dependent interactions are small compared to contribution from potential part. If one ignore all spin dependent interactions, obtained results under this assumption is thought be averages over related spin states for principal quantum number. Our results are in good agreement with pther studies.
Hyperfine splittings is suggestive for Lorentz nature of confining heavy qaurkonium potentials. Including hyperfine splittings in the Hamiltonian, we obtained spectrum of both charmonium and bottomonium S-wave states. We calculated 5 states of heavy quarkonium by solving nonrelativistic Schrödinger equation with the harmonic oscillator wave function. The spectra for both power and logarithmic potentials agree well with experimental and other theoretical studies. The mass differences can be seen in XIII for charmonium and XIV, respectively. For charmonium case, mass difference for J/ψ-η c (1S) agrees well with experimental data and theoretical results. For other states, i.e. radially excited states, power and logarithmic mass differences are bigger than the others. In case of bottomonium spectra, mass differences for all states are in good agreement with experimental results and theoretical studies.
Decay constants, of pseudoscalar and vector heavy quarkonium states are studied via Van Royen-Weisskopf relation. We got good results with experimental and theoretical studies within a few MeV. Including QCD corrrections, the results better agree in some states such as J/ψ and η c (1S).
Leptonic decay widths of vector states are calculated and the results including QCD correction are comparable with experimental results. For some states such as J/ψ and Υ(1S), leptonic decay constants without QCD correction are more close to experimental results. This could be related to short range phenomena of potential models.
Two-photon and two-gluon decay widths are also calculated within our formulation. For two-photon decay widhts, our results except η c (1S) are comparable with other results. This situation is more better for ground and radially excites states in the case of two-gluon decay widhts.
Obtained results for radiative M1 transitions of S-wave charmonium and bottomonium states are compatible with the other results.
To sum up, calculated results in this paper agree and quite agree well with experimental data and theoretical results. We hope that our work for S-wave heavy quarkonium system with power and logarithmic potential will be useful in the future studies. Different potential models can be studied also. We choose S-wave states since ground states and radially excited states are accessible from other models such as QCD Sum Rules. To test various predictions from
